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Introduction
The concepts of minimal open sets and maximal open
sets in topological spaces are introduced and considered
by Nakaoka and Oda in [1-3]. More precisely, in 2001,
Nakaoka and Oda [2] characterized minimal open sets
and proved that any subset of a minimal open set is pre-
open. Also, as an application of a theory of minimal open
sets, they obtained a suﬃcient condition for a locally ﬁnite
space to be a pre-Hausdorﬀ space. The authors in [3]
obtained fundamental properties of maximal open sets
such as decomposition theorem for a maximal open set
and established basic properties of intersections of maxi-
mal open sets, such as the law of radical closure. By a dual
concept of minimal open sets and maximal open sets, the
authors in [1] introduced the concepts of minimal closed
sets and maximal closed sets, and obtained some results
easily by dualizing the known results regarding minimal
open sets and maximal open sets.
Several authors have used these new notions in many
directions. For instance, maximal and minimal θ-open
sets and their properties are considered by Caldas et
al. [4]. Also, θ-generalized open sets are investigated by
Caldas et al. [5]. The concept of minimal γ -open sets are
introduced and considered by Hussain and Ahmad [6].
Moreover, Bhattacharya [7,8] introduced the new con-
cepts of generalized minimal closed sets and IF gener-
alized minimal closed sets. Finally, Al Ghour [9,10] has
applied the notion of minimality and maximality of open
sets to the fuzzy case.
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Generalized topological concepts play important roles
in almost all branches of pure and applied mathematics.
One of the inspiration sources is the notion ofm-structure
and m-space introduced by Maki et al. [11]. In [12], the
notion of maximalm-open set is introduced, and its prop-
erties are investigated. Some results about the existence
of maximalm-open sets are given. Moreover, the relations
between maximal m-open sets in an m-space and max-
imal open sets in the corresponding generated topology
are considered.
This paper is organized as following. In the ‘m-structure
and m-space’ section, the concepts of m-structure and
m-space are introduced, and some of their main proper-
ties are collected. Section ‘Existence results’ is devoted to
consider the notion of maximal m-open sets, and some
existence results are given. In the ‘m-closure, m-interior
and maximal m-open sets’ section, the m-closure and the
m-interior of a maximal m-open set and their properties
are investigated. Section ‘Forming new maximal m-open
sets from old ones’ deals with the behavior of maximal
m-open sets in m-homeomorphic m-spaces and product
m-spaces.
m-structure andm-space
The concepts of m-structure and m-spaces, as generaliza-
tions of topology and topological spaces were introduced
in [11]. For easy understanding of the materials incor-
porated in this paper, we recall some basic deﬁnitions
and results. For details and more results on the follow-
ing notions, we refer to [11,13-22] and the references cited
therein.
© 2013 Roohi et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
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Let P(X) denote the set of all nonempty subsets of X.
A familyM ⊆ P(X) is said to be an m-structure on X if
∅,X ∈ M. In this case, (X,M) is called an m-space. For
examples in this setting, see [21]. In an m-space (X,M),
A ∈ P(X) is said to be an m-open set if A ∈ M and
also B ∈ P(X) is an m-closed set if Bc ∈ M. We set m-
Int(A) = ⋃{U : U ⊆ A,U ∈ M} and m-Cl(A) = ⋂{F :
A ⊆ F , Fc ∈ M}. For any x ∈ X, N(x) is said to be an m-
neighborhood of x, if for any z ∈ N(x) there is an m-open
subset Gz ⊆ N(x) such that z ∈ Gz.
Deﬁnition 2.1. We say that the m-space (X,M) enjoys
the following:
(a) property I, if any ﬁnite intersection of m-open sets is
m-open;
(b) property F, if any ﬁnite union of m-open sets is
m-open;
(c) property U, if any arbitrary union of m-open sets is
m-open.
Proposition 2.2. [22] For an m-structureM on a set X,
the following are equivalent:
(a) M has the property U.
(b) If m-Int(A) = A, then A ∈M.
(c) If m-Cl(B) = B, then Bc ∈M.
Proposition 2.3. [21] For any two sets A and B,
(a) m-Int(A) ⊆ A and m-Int(A) = A if A is an m-open
set.
(b) A ⊆ m-Cl(A) and A = m-Cl(A) if A is an m-closed
set.
(c) m-Int(A) ⊆ m-Int(B) and m-Cl(A) ⊆ m-Cl(B) if
A ⊆ B.
(d) m-Int(A ∩ B) ⊆ (m-Int(A)) ∩ (m-Int(B)) and
(m-Int(A)) ∪ (m-Int(B)) ⊆ m-Int(A ∪ B).
(e) m-Cl(A ∪ B) ⊇ (m-Cl(A)) ∪ (m-Cl(B)) and
m-Cl(A ∩ B) ⊆ (m-Cl(A)) ∩ (m-Cl(B)).
(f) m-Int(m-Int(A)) = m-Int(A) and
m-Cl(m-Cl(B)) = m-Cl(B).
(g) (m-Cl(A))c = m-Int(Ac) and
(m-Int(A))c = m-Cl(Ac).
Existence results
Deﬁnition 3.1. [12] Let (X,M) be an m-space. A
nonempty properm-open subset A of X is said to bemax-
imal m-open if any m-open set which contains A is X or
A. We denote the set of all maximal m-open sets of an
m-space (X,M) by max (X,M).
First, we represent an existence theorem of maximalm-
open sets in a special case. Recall that a coﬁnite subset is a
subset which it’s complement is ﬁnite.
Theorem 3.2. [12] Let (X,M) be an m-space and B a
nonempty proper coﬁnite m-open set. Then there exists at
least one (coﬁnite) maximal m-open set A such that B ⊆ A.
Proof. For the sake of completeness, we add the proof. If
B is a maximal m-open set, put A = B. Otherwise, there
exists an (coﬁnite) m-open set B1 in which B  B1 = X.
If B1 is a maximal m-open set, we may put A = B1. If B1
is not maximal m-open, then there exists an (coﬁnite) m-
open set B2 such that B  B1  B2 = X. By continuing
this process, we have a sequence ofm-open sets
B  B1  B2  · · ·  Bk  · · ·  X.
Since B is a coﬁnite set, this process will stop some-
where. Then, ﬁnally we will ﬁnd a maximal m-open set
A = Bn for some n ∈ N.
Example 3.3. [12] Let X = N, B = {1, 3}, and A =
{1, 3, 5}. Set M = {∅,A,B,N} ∪ {Cn : n ∈ N}, where
Cn = {2, 4, 6, . . . , 2n}. Clearly, B is not coﬁnite, while it
has a maximal m-open extension A. This shows that a set
which is not coﬁnite may has a maximal m-open exten-
sion. Moreover, Cn’s are not coﬁnite and also they do not
have any maximal m-open extension. This means that
Theorem 3.2 may not hold, when the set is not coﬁnite.
For a nonempty proper coﬁnite m-open set in an
m-space, the maximal m-open extension is not always
unique. As in the following example, it is possible that an
m-open set has many maximalm-open extensions.
Example 3.4. [12] Let X = N, C1 = {1, 3, 5}, C2 =
{1, 3}, C3 = {2, 4, 6}, C4 = {2}, C5 = {4}, and C6 = {6}.
SetM = {∅,B1,A2,B3,A4,A5,A6,N}, where Bi = N \ Ci
for i = 1, 3 and Aj = N \ Cj for j = 2, 4, 5, 6. Evidently,
B1 and B3 are coﬁnite, and B1 has a unique maximal m-
open extensionA2, whereas B3 has three maximalm-open
extensions A4, A5, and A6.
Theorem 3.5. [12] Suppose that (X,M) is an m-space
with the property of F, let S be a nonempty proper m-open
set such that each element of it’s complement is contained
in a ﬁnite m-closed set. Then, there exists at least one
(coﬁnite) maximal m-open set A with S ⊆ A.
Example 3.6. [12] Let X = N and U2n+1 = N \ {2n +
1, 2n + 3, . . .} for each n ∈ N. Consider the m-structure
M = {∅,N\{1},N\{2},N\{1, 2},Uc3,N}∪{U2n+1 : n ∈ N}
on X. Clearly, (X,M) is an m-space with the property of
F. Set S1 = N \ {1, 2}. It is easy to see that S1 satisﬁes in all
conditions of Theorem 3.5, and so it has two extensions
N \ {1} and N \ {2}. Now, imagine S2 = U3, for 5 ∈ Uc3,
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there is no ﬁnite m-closed set containing 5. Note that S2
does not have any maximal m-open extension because of
the following chain:
U3  U5  · · ·  U2n+1  · · ·  N.
Finally, set S3 = Uc3. For 4 ∈ Sc3, there is no ﬁnite
m-closed set containing 4, while S3 has two maximal
extensions N \ {1} and N \ {2}.
Corollary 3.7. [12] Suppose that (X,M) is an m-space
with the property of F, let each element of X be contained
in a ﬁnite m-closed set. Then, for any nonempty proper
m-open set S, there exists at least one (coﬁnite) maximal
m-open set A with S ⊆ A.
Remark 3.8. [12] Let X,M, and U2n+1 be the same as in
Example 3.6. One can ﬁnd that Theorem 3.5 is stronger
than Corollary 3.7.
Theorem 3.9. If the m-space (X,M) has the property of
F, then Theorems 3.2 and 3.5 are equivalent.
Proof. First, we prove that Theorem 3.2 implies
Theorem 3.5. To see this, since S is a proper subset of X,
there exists an element x of Sc. By the assumption that
there exists a ﬁnite m-closed set F such that x ∈ F , one
can easily check that S ∪ Fc is a nonempty proper coﬁ-
nite m-open set. Therefore, by Theorem 3.2, we can ﬁnd
a maximal m-open set A satisfying S ∪ Fc ⊆ A. Evidently,
A is a (coﬁnite) maximal m-open extension of S. For the
converse, suppose that B is a nonempty proper coﬁnitem-
open set, Bc is a ﬁnite m-closed set which satisﬁes in all
conditions of Theorem 3.5. Then, there exists at least one
(coﬁnite) maximalm-open set A such that B ⊆ A.
Proposition 3.10. [12] Let (X,M) be anm-space with the
property of F, and let A,B ∈ max (X,M) and W be an
m-open set. Then
(a) A ∪ W = X orW ⊆ A,
(b) A ∪ B = X or A = B.
If the space does not have the property of F, then the
last proposition is not true in general as you can see in the
following example:
Example 3.11. [12] Let X = {x, y, z, t}, A = {x, y}, B =
{y, z}, andW = {z}. PutM = {∅,A,B,W ,X}, then clearly
A,B ∈ max(X,M), andW is anm-open set, whereas
(a) A ∪ W = X andW  A.
(b) A ∪ B = X and A = B.
Also, it is possible that Proposition 3.10 holds, whereas
the space does not enjoy the property of F. The following
example shows that.
Example 3.12. [12] Let X = {x, y, z, t}, A = {x, y, z}, B =
{y, z, t}, W1 = {x}, and W2 = {t}. PutM = {∅,A,B,W1,
W2,X}, then clearly A,B ∈ max(X,M). It is not hard
to check that the results of Proposition 3.10 hold here,
whereas the space does not enjoy the property of F.
Corollary 3.13. [12] Let (X,M) be an m-space with the
property of F and A ∈ max(X,M). If x ∈ A, then A∪W =
X or W ⊆ A for any m-open neighborhood W of x.
m-closure,m-interior andmaximalm-open sets
Theorem4.1. Let (X,M) be anm-space with the property
of F, A ∈ max(X,M), and x ∈ Ac. Then, Ac ⊆ W for any
m-open neighborhood W of x.
Proof. Suppose W is an m-open neighborhood of x.
Since x ∈ Ac, we have W  A. It follows from part (a) of
Proposition 3.10 thatA∪W = X. Therefore,Ac ⊆ W .
Example 4.2. Let X = {x, y, z, t}, A1 = {x, y}, A2 = {t},
and W = {x, z}. Put M = {∅,A1,A2,W ,X}. Clearly,
A1,A2 ∈ max (X,M). One can easily check that the
result of Theorem 4.1 is not true for A1 and A2. Now,
let B1 = {x, y, t}, B2 = {y, z, t}, B3 = {x, z}. Put N =
{∅, {y},B1,B2,B3,X}. The result of Theorem 4.1 is true for
B1 and B2 while it is not correct about B3 for y ∈ Bc3.
Note that in these cases, considered spaces do not have
the property of F.
Corollary 4.3. Let (X,M) be an m-space with the prop-
erty of F and A ∈ max(X,M). Then, one of the following
statements holds:
(a) For each x ∈ Ac and each m-open neighborhood W
of x,W = X;
(b) There exists an m-open set W such that Ac ⊆ W and
W  X.
Proof. Suppose (a) does not hold, then there exists x ∈
Ac and anm-open neighborhoodW of x in whichW  X.
By Theorem 4.1, we have Ac ⊆ W which means that (b) is
true.
Corollary 4.4. Suppose (X,M) is an m-space with the
property of F and A ∈ max(X,M), then one of the
following holds:
(a) For each x ∈ Ac and each m-open neighborhood W
of x, we have Ac  W .
(b) There exists an m-open set W such that
Ac = W = X.
Proof. Suppose that (b) does not hold. According to
Theorem 4.1, since A ∈ max(X,M), we have Ac ⊆ W
for each x ∈ Ac and any m-open neighborhood W of x.
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Now, since (b) does not hold, we have Ac  W , i.e., (a) is
true.
Theorem 4.5. Suppose (X,M) is an m-space with the
property of F, A ∈ max(X,M) and B is a proper m-closed
set containing A, then A = B. Indeed, there is no proper
m-closed set properly containing A.
Proof. On the contrary, suppose B is a proper m-closed
set containing A in which A = B, therefore, Bc is a
nonempty m-open set contained in Ac. So, A  A ∪ Bc 
X. This is a contradiction with the maximality of A, since
(X,M) is anm-space with the property of F.
Corollary 4.6. Suppose (X,M) is an m-space with the
property of F and A ∈ max(X,M), then m-Cl(A) = X or
m-Cl(A) = A.
Proof. If A is an m-closed set, then we have m-Cl(A) =
A. Otherwise, according to Theorem 4.5, there is no
properm-closed set properly containing A, som-Cl(A) =
X.
Remark 4.7. Corollary 4.6 is an extension of Theorem 3.4
in [3] tom-space and improves it’s proof in a more straight
way.
Example 4.8. Let X = {x, y, z, t}, A1 = {x, y}, U1 = {t},
A2 = {x, z, t}, U2 = {y}, and A3 = {y, z, t}. Put
M = {∅,A1,A2,A3,U1,U2,X}. Clearly, A1,A2,A3 ∈
max(X,M). One can easily verify that m-Cl(A1) =
Uc1; hence, A1 does not satisfy in the conclusion of
Theorem 4.6. Besides m-Cl(A2) = A2 and m-Cl(A3) = X
which imply that the result of Theorem 4.6 satisﬁes for A2
andA3 in diﬀerent ways. Note that the space does not have
the property of F.
Theorem 4.9. Suppose (X,M) is an m-space with the
property of F and A ∈ max(X,M), then m-Int(Ac) = Ac
or m-Int(Ac) = ∅.
Proof. It is a straightforward consequence of Theorem
4.6 and part (g) of Proposition 2.3.
Theorem 4.10. Suppose (X,M) is an m-space with the
property of F and A ∈ max(X,M), then
(a) m-Int(B) = A for any proper subset B of X
containing A;




)c = m-Int(Sc) = A for each nonempty
subset S of Ac.
Proof. Let U be any m-open subset of B, maximality
of A, and property of F, imply that U ⊆ A. Now, the
deﬁnition ofm-interior and Proposition 2.3 imply thatm-
Int(B) = A; i.e., (a) is proved. On the other hand, suppose
S is a nonempty subset of Ac, then Sc is a proper subset of
X with A ⊆ Sc. Therefore, (a) implies that m-Int(Sc) = A;
hence by part (g) of Proposition 2.3, we obtainm-Cl(S) =
Ac. Finally, for (c), according to hypothesis A ⊆ Sc  X,
now, (a) together with (b) imply (c).
Example 4.11. Let X = {x, y, z, t, r}, A = {x, y}, and
U = {y, r}. PutM = {∅,A,U ,X}. Consider B = {x, y, z, t}
and B′ = {x, y, t, r}. Clearly, A ∈ max(X,M), B and B′ are
proper subset X containing A. It is easy to verify that m-
Int(B) = A and m-Int(B′) = {x, y, r}  A. Moreover, let
S = {r} and S′ = {z}. We see that S and S′ are nonempty
subsets of Ac. Also,m-Cl(S) = Ac andm-Cl(S′) = {z, t} 
Ac.
Corollary 4.12. Suppose (X,M) is an m-space with the
property of F, A ∈ max(X,M) and B a nonempty subset of
X, with A  B. Then m-Cl(B) = X.
Proof. We have A  B ⊆ X, so B \ A = ∅ and B =
A ∪ (B \ A). Therefore, using Proposition 2.3 and part (b)
of Theorem 4.10, we get
m-Cl(B) =m-Cl(A ∪ (B \ A)) ⊇ m-Cl(A)
∪ m-Cl(B \ A) ⊇ A ∪ Ac = X.
Hence,m-Cl(B) = X.
Corollary 4.13. Suppose (X,M) is an m-space with the
property of F, A ∈ max(X,M) and suppose that Ac has at
least two elements, then m-Cl(X\{a}) = X for any element
a of Ac.
Proof. According to the assumption, we have A  X \
{a}, so we can deduce the result by Corollary 4.12.
Example 4.14. Let X = N, A = N \ {1, 2}, andM =
{∅,A,X} ∪ {{4, 5, . . . , n} : n ∈ N}. Clearly, the m-spaceM
has the property of F, A ∈ max(N,M). One can easily see
m-Cl(N \ {1}) = N andm-Cl(N \ {2}) = N.
Theorem 4.15. Suppose (X,M) is an m-space with the
property of F, A ∈ max(X,M), and B a subset of X with
A ⊆ B, then B ⊆ m-Int(m-Cl(B)).
Proof. In case B = A, we have B is anm-open set. Hence,
it follows from Proposition 2.3 that B = m-Int(B) ⊆
m-Int(m-Cl(B)). Otherwise, A  B, and consequently
by using Corollary 4.12, we get m-Int(m- Cl(B)) = m-
Int(X) = X ⊇ B. So, we have the result.
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Example 4.16. Let X = {x, y, z, t}, A = {x, y}, B =
{x, y, z}, and C = {x, z, t}. PutM = {∅,A,C,X}. Then, it
is easy to see that not only A ∈ max(X,M) and A ⊆ B
but also B ⊆ m-Int(m-Cl(B)). Therefore, the result of
Theorem 4.15 holds here, whereas the space does not
enjoy the property of F. Now suppose A′ = {x, y}, B′ =
{x, y, z}, and M′ = {∅,A′, {t},X}. Then one can easily
deduce that A′ ∈ max(X,M′) and A′ ⊆ B′, while B′  m-
Int(m-Cl(B′)). We see that the result of Theorem 4.15may
not hold when the space does not have the property of F.
Corollary 4.17. [2] Suppose (X, τ) is a topological space,
A ∈ max(X, τ), and B a subset of X with A ⊆ B, then B is a
preopen set.
Corollary 4.18. Suppose (X,M) is an m-space with the
property of F, A ∈ max(X,M), then X \ {a} ⊆ m-Int(m-
Cl(X \ {a})) for any element a of Ac.
Proof. According to hypothesis A ⊆ X \ {a}, so by
Theorem 4.15, the result is clear.
Forming newmaximalm-open sets from old ones
Deﬁnition 5.1. Two m-spaces (X,M) and (Y ,N ) are
calledm-homeomorphic if there exists a bijective function
f : X → Y for which f and f −1 are m-continuous. In this
case, f is called anm-homeomorphism.
Theorem 5.2. Suppose (X,M) and (Y ,N ) are two m-
spaces and f : (X,M) → (Y ,N ) is an m-homeomorphism
function, then A ∈ max(X,M) if and only if f (A) ∈
max(Y ,N ).
Proof. Let A ∈ max(X,M), m-continuity of f −1 guar-
anties that f (A) ∈ N . We have to prove that f (A) ∈
max(Y ,N ). Suppose this is not the case, then there isU ∈
N in which f (A)  U  Y . Since f is bijective, we have
A  f −1(U)  X. Since f is m-continuous, f −1(U) ∈ M.
This is a contradiction with themaximality ofA; hence, we
get f (A) ∈ max(Y ,N ). The converse follows from the fact
that f −1 : (Y ,N ) → (X,M) ism-homeomorphism.
Example 5.3. Let X = {1, 2},M = {∅, {1},X}, Y = {1}
andN = {∅,Y }. Suppose f : X → Y is deﬁned by f (x) = 1
for each x ∈ X, it is easy to see that f ism-continuous,m-
open, and surjective, but it is not one to one. Clearly, A =
{1} is maximal m-open in X, whereas f (A) = {1} is not
maximalm-open in Y. This shows that the hypothesis of ‘f
is one to one’ is a necessary condition for Theorem 5.2.
Example 5.4. Let X = {1, 2, 3},M = {∅, {1, 2},X}, Y =
{1, 2, 3, 4}, and N = {∅, {1, 2}, {1, 2, 3},Y }. Let f : X → Y
be deﬁned by f (x) = x for each x ∈ X. It is easy to see
that f is m-continuous, m-open and one to one but it is
not surjective. Clearly, A = {1, 2} is maximal m-open in
X, whereas f (A) = {1, 2} is not maximal m-open in Y.
Also, U = {1, 2, 3} is not maximal m-open in X, while
f (U) = {1, 2, 3} is maximal m-open in Y. This shows that
the hypothesis of ‘f is surjective’ is a necessary condition
for Theorem 5.2.
Example 5.5. Let X = Y = {1, 2, 3},M = {∅, {1},X},
and N = {∅, {1}, {1, 2},Y }. Suppose f : (X,M) → (X,N )
be the identity mapping. It is easy to see that f is m-open
and bijective, but it is not m-continuous. Clearly, A = {1}
is maximal m-open in (X,M), whereas f (A) = {1} is not
maximal m-open in (X,N ). Also, U = {1, 2} is not max-
imal m-open in (X,M), while f (U) = {1, 2} is maximal
m-open in (X,N ). This shows that the hypothesis of ‘f is
m-continuous’ is a necessary condition for Theorem 5.2.
Now in this example, let g = f −1 be m-continuous and
bijective but it is not m-open. By this, one can easily
deduce that the hypothesis of ‘to bem-open’ is a necessary
condition for Theorem 5.2.
Corollary 5.6. Suppose (X,M) and (Y ,N ) are m-
homeomorphic, thenmax(X,M) andmax(Y ,N ) have the
same cardinal.
Proof. It is an immediate consequence of Theorem 5.2.
The following example shows that the converse of the
above result may not hold.
Example 5.7. Let X = {1, 2, 3}, M = {∅, {1, 2},
{2, 3},X}, Y = {1, 2, 3, 4}, and N = {∅, {1, 2}, {2, 3},Y }.
Then, max(X,M) and max(Y ,N ) have the same cardi-
nal, while (X,M) and (Y ,N ) are not m-homeomorphic
because there is no bijective function between X and Y.
Theorem 5.8. Suppose (X,M) and (Y ,N ) are two m-
spaces. The following statements are equivalent.
(a) A ∈ max(X,M);
(b) A × Y ∈ max(X × Y ,M×N );
(c) Y × A ∈ max(Y × X,N ×M).
Proof. For (a)⇔(b), it suﬃces to prove that A is not
maximal m-open if and only if A × Y is not maximal m-
open. Suppose A is not maximalm-open, then there exists
an m-open set U in X such that A  U  X. Thus,
A × Y  U × Y  X × Y which implies that A × Y is
not maximal m-open. Conversely, suppose A × Y is not
maximal m-open, so there exists an m-open set U ∈ M
such that A × Y  U × Y  X × Y which implies that
A  U  X. Then, A is not maximal m-open. Finally, it is
easy to see that the function f : (X × Y ,M×N ) → (Y ×
X,N ×M) deﬁned by f (x, y) = (y, x) for all (x, y) ∈ X ×
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Y is an m-homeomorphism. Now, (b)⇔(c) follows from
Theorem 5.2.
Theorem 5.9. Suppose (X,M) and (Y ,N ) are two m-
spaces, S is a nonempty proper coﬁnite m-open subset of X,
and T is a nonempty proper coﬁnite m-open subset of Y,
then there exist at least two (coﬁnite) maximal m-open sets
A×Y and X×B in productm-space such that S×T ⊆ A×Y
and S × T ⊆ X × B.
Proof. By Theorem 3.2, the proof is clear.
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